Abstract-This paper presents a general mathematical expression and characteristic analysis of the output power factor before rectification on the receiver side for wireless chargers in electric vehicles. This power factor is usually regarded as unity (i.e., the ac output voltage is in phase with the current), based on fundamental harmonic approximation. However, the default unity power factor assumption is not accurate for output power derivation even at resonance frequency. This study explores not only output power factor characteristics for different frequencies or power levels, but also the phase relationships of the input and output ac voltages. The continuous conduction mode and discontinuous conduction mode are both analyzed. An integrated LCC compensation topology is selected as the research object, and its analysis process can be readily extended to other common topologies. Furthermore, this study is beneficial for the implementation of some control strategies requiring precise power computation/estimation, e.g., feedforward control or model prediction control. Finally, a comparison of numerical and experimental results with various misalignment cases validates correctness of the proposed theoretical derivation and analysis methodology.
I. INTRODUCTION

I
N recent years, the keen attention being paid to transportation electrification and the rising deployment of electric vehicles (EVs) have made it essential for researchers, enterprises, and governments to deal with several barriers to the wide acceptance of EVs, including inconvenience of charging, unsatisfactory driving distance, relatively high cost, and so on [1] , [2] . Wireless power transfer (WPT) technology is an effective approach to address the first problem of inconvenient charging, due to the fact that it removes the need for cables or plugs, galvanic isolation of on-board electronics and additional safety concerns with operating in rain and snow [3] - [5] . Thus, it offers consumers a seamless and convenient alternative for charging efficiently. Till now, there has been considerable literature focusing on the application of WPT technology in real wireless charging systems for electric vehicles on the road. Magnetic coupler design, compensation topologies, foreign object detection, effective control strategies, and so on are the major aspects of this technology [6] - [11] .
A typical WPT system includes several stages, such as a rectifier with power factor correction, an inverter, a compensation network on the transmitter side, a magnetic coupler (including the transmitter and receiver coils), a compensation network on the receiver side, and a rectifier for charging the dc battery [12] , [13] . A dc-dc converter may be added between the rectifier and inverter on the transmitter side for input dc voltage adjustment. Four basic compensation topologies are labeled as series-series (SS), series-parallel (SP), parallel-series (PS), and parallel-parallel (PP), according to the way the capacitors are connected to the transmitter and receiver coils [14] - [17] . Some other novel compensation topologies have been proposed recently. In [18] , a series-parallel-series (SPS) compensation topology is presented. In this new design, one capacitor is connected in series, while the other is connected in parallel with the transmitter coil. On the receiver side, one capacitor is connected in series with the coil. Thus, both SS and PS characteristics appear in the topology. An LCL network is proposed in [19] , where the transmitter is featured as a constant current source. In [20] , an SP LCC compensation is used for better performance, despite its tricky parameter design needed for control stability and soft-switching realization. An integrated LCC compensation is proposed to reduce the size and weight of additional inductors in [21] . Thrimawithana and Madawala [22] introduced a CLCL network where bidirectional power transfer can be achieved.
All the aforementioned topologies were analyzed under resonance condition at the resonant frequency. In such a case, when the input and output voltages are fixed, the output power is regarded as constant. However, in practical charging systems, a low power requirement is sometimes raised for recovery charging when SOC approaches its upper limit [23] - [25] . Therefore, modulation of the input dc voltage or inverter switching frequency is also necessary. Frequency modulation is an effective approach if the input dc voltage cannot be adjusted when there is no dc-dc converter between the input rectifier and inverter. Although phase shift modulation is also a useful scheme for power adjustment of a WPT system, sometimes the power cannot be adjusted to even higher despite of phase shift modulation at a fixed frequency, so in this case, frequency modulation might be more effective for higher power derivation. Nevertheless, to authors' best knowledge, the characteristics of power, phase, and efficiency are still unclear for various frequencies or misalignments. Therefore, precise theoretical analysis is necessary as frequency modulation guidance in engineering applications to obtain a wider power range. In this paper, operations at various frequencies other than the resonant frequency are considered and discussed. In addition, in the aforementioned proposals, the ac output of the compensation network on the receiver side was always regarded to possess unity power factor, since the authors thought the ac output voltage to be in phase with the output current, due to the conduction mode of the diodes in the rectifier; however, this description is not accurate because the actual output current is not in the shape of an ideal sinusoidal waveform and the phase difference between the output current and voltage cannot be ignored. If the output power factor is not considered, the theoretical output power is usually calculated to be significantly greater than the value measured by a power analyzer.
Reliable acquisition of output power factor via thorough theoretical derivation is beneficial for the implementation of several control algorithms (e.g., feedforward control, model prediction control, etc.), which require real-time precise estimation of output power, supposing the input and output voltages and switching frequency are known. On the other hand, the exploration of voltage/current phase relationships and power analysis at various frequencies could make contributions to the design of a novel compensation topology. Therefore, this study is meaningful to the development of effective control strategies in WPT systems and circuit design as well.
An LCL converter can be formed by adding an LC compensation network on the primary side or on both primary (transmitter) and secondary (receiver) sides. The advantage for the LCL converter at the resonant frequency is that the current in the primary-side coil can be independent of the load condition, or in other words, the LCL network performs like a current source. However, the design of an LCL converter usually requires additional inductors. To reduce the additional inductor size and cost, usually a capacitor is put in series with the primary-side coil, which forms an LCC compensation network. By utilizing an LCC compensation network, a zero current switching condition could be achieved for higher efficiency by tuning the compensation network parameters. Also, when the LCC compensation network is adopted at the secondary side, the reactive power at the secondary side could be somehow compensated and the current distortion might be reduced. Consequently, in order to verify the proposed theoretical derivation, an integrated LCC compensation topology is selected as a specific research object. Extension of the presented analysis to other topologies is based on simple transformation rules. A brief description of the integrated LCC compensation topology is given in Section II. A general mathematical modeling that considers variation of frequencies is depicted in Section III. Section IV provides the detailed theoretical derivation of ac output power factor and voltage phase relationships for continuous conduction mode (CCM) and discontinuous conduction mode (DCM). Experimental and numerical results are compared in Section V. This is followed by conclusions in Section VI.
II. STUDIED WPT SYSTEM TOPOLOGY
An integrated LCC compensation topology, shown in Fig. 1 , is selected as the research object for the explanation of the proposed theory. The transmitter side is comprised of a highfrequency inverter, an LCC compensation network and a transmitter coil. The compensation network-C 1 , C f 1 , L f 1 , and the coil L 1 -constitutes a compensation resonant circuit. The inverter with full bridge structure is composed of four power MOSFETS (S 1 ∼ S 4 ). The receiver side consists of a symmetrical LCC compensation resonant circuit and a rectifier. For the purpose of battery pack charging, an LC filter network is placed on the receiver side. As shown in Fig. 1 , the main coil and the additional coil on the same side are coupled for size reduction.
When the electric vehicle experiences different ground clearance or misalignment conditions, the mutual inductance M between the two main coils will vary accordingly, while the other two mutual inductances between the main and additional coils, M 1 and M 2 , remain constant. Due to the fact that a large leakage inductance exists and only mutual inductance contributes to the power transfer, a series capacitor should be added to compensate for the self-inductance.
The output voltage of the inverter is a square ac waveform, which consists of a fundamental component and higher odd order harmonics. To simplify the analysis of the LCC compensation topology at a single frequency, the inverter output voltage is regarded as sinusoidal. The decoupled circuit and simplified equivalent circuit models are given at an angular frequency of ω (not only resonance frequency) in Fig. 2 (a) and (b), respectively.
III. GENERAL MATHEMATICAL MODELING
In the simplified equivalent circuit model, the topology changes to a simple resonant LCL converter, as shown in Fig. 2  (b) . The equivalent parameters can be expressed using real physical parameters as follows:
The circuit on the transmitter side is analyzed first. Based on Kirchhoff's current law, the input ac current is simply as 
The aforementioned equation can be rewritten using relevant voltages and impedanceṡ
Consequentlẏ
Kirchhoff's voltage law provideṡ
Thus, substitute (9) into (10) and let a 1 = 1 − ω 2 L f 1e C f 1e , and one can derive the following expression for the current going across the main coil:
Similarly, the circuit equations on the receiver side can be described as follows:
where
, and (11) and (13) are then converted to the following expressions:
Supposingİ 1 andİ 2 are two "unknowns" in the equation set consisting of (14) and (15), the solution of the current of the main coil on the receiver side is depicted aṡ
Providing Kirchhoff's current law, it is simple to obtaiṅ
By substituting (17) into (18), we can get the following relationship among the output ac current and the input and output ac voltages:
Therefore, the output current before the rectifier is finally delineated as follows:
The integrated LCC resonant topology is transformed to a SS resonant topology by giving the following conditions: (19) and (20) can be simplified to expressions for the relationships among the output current and input and output voltages in the SS topology. Similarly, the whole derivation process could also be simplified to be adaptive to the situation in the SS topology.
IV. DERIVATION OF POWER FACTOR CHARACTERISTICS AND VOLTAGE PHASE RELATIONSHIP
The WPT system is deployed at a certain moment for charging a specific battery pack with fixed nominal voltage in an electric vehicle. Meanwhile, if the duty cycles of all MOSFETs in the inverter are set as constants, the WPT system will have a fixed output power with operation at the resonant frequency. However, sometimes lower power is required for charging recovery and battery lifetime extension. One effective way of achieving lower power is to change the switching frequency of the inverter. Thus, this study focuses on WPT operations with fixed input and output voltages at different frequencies around the resonant frequency.
If frequency changes dramatically, the resonant stage will likely vary. When diodes of the rectifier on the receiver side are all OFF, current cannot go through L f 2 in the resonant circuit. This study considers three operation modes at different frequencies, including CCM, DCM, and cutoff mode (CUTOFF). As long as there is a combination of stage O and a clamped stage (stage N or P), the WPT system operates in DCM. If only a clamped stage (stage P and/or N) exists, the operation should be in CCM. If no current passes through L f 2 all the time, the mode is CUTOFF with stage O only. The analysis of output power factor and phase differences between input and output voltages cannot be the same in various operation modes. In mode CUTOFF, it is meaningless to analyze the power factor, since output current i Lf2 is always zero, so CUTOFF is not involved in such a discussion.
In CCM, the ac output voltage is a square waveform and the output current shares the same zero crossing points with the voltage. The Fourier fundamental component of the output voltage is in phase with it because of the characteristics of a square waveform. However, the output current waveform with Fourier series including various orders of harmonics is not symmetric or regular at all, which is totally different from the output voltage. So, the phase shift between the fundamental components of the output voltage and current exists. In DCM, the situation is much more complicated since the ac output voltage does not remain as a square waveform and the ac output current is not continuous any longer. Additionally, the part of the output voltage when the output current is zero in DCM does not contribute to the output power, so this part cannot be considered for power factor derivation. The phase difference between the ac output voltage and current in CCM might be visible due to the current distortions. However, it is sometimes not obviously visible especially at some operating frequencies in DCM, therefore, it cannot be guaranteed that the phase difference between the output voltage and current must exist. Consequently, it is necessary and meaningful to derive a general expression for the difference in phase of output voltage and current in both CCM and DCM. The following discusses the derivation of output power factor and voltage phase relationship in CCM and DCM, and attempts to find mathematical expressions for final output power of the WPT system, which is essential in some control systems where estimation of output power is required.
A. CCM
In CCM, the WPT system operation passes through the negative clamped stage (N) and positive clamped stage (P) in sequence, as shown in Fig. 3 , so the instantaneous output voltage between points a and b, i.e., u ab (t), is featured as a square waveform with fixed battery voltage on the receiver side. In addition, the instantaneous input voltage between points A and B, i.e., u AB (t), is also a square waveform on the transmitter side, due to the pulsewidth modulation in the inverter. In Fig. 3 , U a and U b stand for amplitudes of input and output voltages, respectively, and I 1m and I 2m represent maximum values of input and output currents (i Lf1 (t) and i Lf2 (t)), respectively. Thus, by using the Fourier transform, u AB can be written as
It has to be noted that in real calculations, the upper limit of n is not infinite, but a predetermined natural number N . Similarly, let the phase difference between u AB and u ab be α, and u ab can be expressed in the form of a Fourier series as
Substitute (21) and (22) into (20), and we can obtain the Fourier series expression for the output current i Lf2 (t) as follows:
As seen in Fig. 3 , when the system operation shifts from stage N to P or from stage P to N, u ab experiences a rising edge from −u b to u b or a falling edge from u b to −u b . In the meantime, i Lf2 changes its direction through the zero crossing point. So, at the instances t = α/ω and t = (α + π)/ω, we have the following equations:
A two-equation set is established for solving only one unknown α, which may cause some doubt. It is of no problem, however, since when substituting t = α/ω and t = (α + π)/ω into (23), the following relationship exists:
Consequently, the phase difference α between the input and output voltages can be definitively solved from the equation set (24) . When solving the equation in practical operation, B[(2n − 1)ω] is taken to be zero when n is greater than 1, since it drops in an exponential order and has a far smaller absolute value when n > 1 than when n = 1.
Due to the fact that the input and output voltages are in the form of square waveforms, their fundamental components in Fourier series should share the same phase difference, α. The fundamental component of the output ac current has a much greater amplitude than other high-order harmonics, and meanwhile, the ratio between the fundamental component and higher order harmonics of power, such as the magnification of current and voltage, is even greater than that of only the current. Therefore, the fundamental harmonic approximation (FHA) method is used for effective analysis of the output power factor of a WPT system. The fundamental component of the output current i Lf2 is derived from (23) as follows: 
The aforementioned equation can be further written as a sinusoidal function
and
The fundamental components of the input and output voltages can be easily derived from (21) and (22) as follows:
The phase difference between the output voltage u ab,F and i Lf2,F is ϕ = β − α, so the ac output power factor λ = cos(ϕ) = cos(β − α). The input impedance Z r,in before the rectifier on the receiver side can be calculated as
The output power before the rectifier could be calculated as
Considering the loss of the rectifier, the actual output power to the battery is finally achieved using the following expression:
The loss of the rectifier P loss rectifier,CCM is obtained based on the existing loss calculation equation for a four-diode uncontrolled rectifier with sinusoidal conduction current. It is easy to calculate the output power assuming the output dc voltage and current are known. However, in some control strategies, e.g., feedforward control or model prediction control, precise output power estimation is required, and measurements of output dc voltage and current do not help or are even not allowed. So, the aforementioned theoretical derivation of the output power considering interior parameter relationships in a topology is meaningful.
B. DCM
Unlike in CCM, stage O exists when the operation shifts from stage N to P or from P to N in DCM, meaning the output current, i Lf2 , stays at zero for a while between the negative and positive stage values, as shown in Fig. 4 . The input voltage, u AB , is kept as a square waveform after pulsewidth modulation of the inverter on the transmitter side; however, the output voltage, u ab , is not in the shape of a square waveform any longer due to the participation of stage O. The dashed lines used for the waveform of u ab in Fig. 4 indicate that the value of u ab in stage O is somehow uncertain in real situations, since the diode reverse recovery current and nonignorable i Lf2 slope may result in transient voltage oscillation of the rectifier input.
In order to acquire the Fourier transform of the output voltage with a difficulty output voltage Fourier transform due to uncertain shifting process with stage O, an equivalent waveform for the output voltage u ab is proposed, where the voltage value can be "designed" to be zero in the shifting process, as seen in Fig. 5 . This is because the output current, i Lf2 , remains nearly zero and the variation of voltage does not contribute to the output power. In Figs. 4 and 5, θ 1 and θ 2 , respectively, represent the starting and ending phases of stage O when output voltage increases. In Fig. 5 , α stands for the midpoint of the shifting process, so α = θ 1 +θ 2 2 . It is observed that the newly "designed" output voltage with one period from phase α to α+2π is an odd function for Fourier transform, so its fundamental component shares the same phase, α, relative to the phase zero of the input voltage, u AB .
The input voltage, u AB , is still in the shape of a square waveform, so its Fourier transform is given by
The output voltage, u ab , can be expressed as a general Fourier series expansion
Due to the symmetrical characteristics, it is only required to calculate the transformed function F (n) of a half period. As seen in Fig. 4 , the first half period from phase can be divided into two parts, i.e., stage O (α ∼ θ 2 and θ 1 + π ∼ α + π) and stage P (θ 2 ∼ θ 1 + π). Thus, F (n) is only contributed to by the effective part, i.e., stage P, and can be calculated as follows:
2 . When n is even or odd, (38) output varies between zero and nonzero values, so the piecewise expression of F (n) with even or odd n is given by
The final specific Fourier series expansion for the output voltage u ab is depicted as
The effective output current is determined by stage P, so the following piecewise expression exists
By substituting (36) and (41) into (20), we can obtain
At the end of stage P (phase θ 1 + π = α − φ + π), the output current i Lf2 drops to zero, so
In stage O, from α ∼ θ 2 ,İ Lf2 = 0, so according to (20) , we haveU ab =
B (ω )U A B
A (ω ) . Regardless of the uncertain interval in the newly "designed" waveform, the theoretical expression for output voltage u ab in stage O is
(44) At the end of the first stage O or the beginning of stage P (phase θ 2 = α + φ), another condition provides
Consequently, (43) and (45) are composites of an equation set for solutions to two unknowns, α and φ.
Due to a reason similar to the one given in the CCM section, the FHA method is also used for effective analysis of the output power factor here. Using phase α as the starting point for Fourier transform over the period (α ∼ α + 2π), the fundamental component of the output current, i Lf2 , is expressed as
where the subscript F stands for the fundamental component. The coefficient of the sinusoidal function in (46) is derived from (41) as
The coefficient of the cosine functions in (46) is calculated as
Equation (46) can be further delineated as a pure sinusoidal function
where The input impedance Z r,in before the rectifier on the receiver side can be calculated as
The ac output power factor is λ = cos(ϕ), so the output power before the rectifier is given by
Referring to (35), the actual output power to the battery, P out,DCM for DCM is not difficult to compute, considering the loss of the rectifier, P loss rectifier,DCM , on the basis of the existing loss calculation equation for an uncontrolled four-diode rectifier. The expression for P out,DCM is given by P out,DCM = P DCM (ω) − P loss rectifier,DCM .
(59)
C. Identification Conditions for CCM and DCM
If the system operation stays in CCM at a certain frequency, the output voltage shifts from N to P and from P to N in sequence without stage O. However, if the frequency goes to a lower or higher value, stage O appears, as well as DCM, and the phase difference between the starting and ending points (θ 1 and θ 2 , shown in Figs. 4 and 5) is not zero any longer, due to the rising (45) with the initial assumption that the operation is in DCM. In such a case, there is no solution to φ, or φ = 0 exists, so it is necessary to return to the derivations of Section IV-A for CCM analysis. The flow chart for identification of the operation mode and derivation of power factor and output power is shown in Fig. 6 .
D. Extension to Other Topologies
The analysis algorithm proposed in this paper for the exploration of ac output power factor characteristics and voltage phase difference relationships of the studied topology could be readily extended to other common WPT topologies. First, the integrated LCC compensation topology can be transformed into other simple ones. For instance, it changes to an SS resonant topology as long as the following condition is given:
Accordingly, the derivation equations in this paper could all be simplified to match the SS resonant topology. Second, the proposed analysis using Fourier transform and FHA is also suitable for solving similar problems of other WPT systems. 
V. EXPERIMENTAL VERIFICATION
The experimental setup for the integrated LCC compensation WPT system (see Fig. 7 ) is built to verify the proposed modeling and analysis of the ac output power factor and voltage phase relationships. A high power dc supply is used to emulate the input of the inverter and an electronic load is used to replace the battery. A controller is responsible for sending PWM signals to the inverter and receiving measured current or voltage signals from the WPT system. The X-or Y-misalignments of the coils could be adjusted as required. The specifications of the studied prototype are given in Table I .
The resonant frequency of the WPT system is calculated to be 96 kHz. The experimental input and output waveforms with no misalignment at two different switching frequencies (96 and 77 kHz) are shown in Fig. 8 , typically indicating the CCM and DCM, respectively. It can be seen from Fig. 8 (a) that the output ac voltage has obvious oscillation in stage O, which results from the diode reverse recovery current and nonignorable i Lf2 slope (although i Lf2 remains nearly zero in stage O).
A Yokogawa power analyzer, WT1600, is employed to measure the input dc power supply power and output electronic load power, and then, to calculate the efficiency of the WPT system. A capture of the power analyzer at 96 kHz with no misalignment is shown in Fig. 9 . Three cases are defined: Case I, there is no X-or Y-misalignment; Case II, X-misalignment equals 200 mm, and there is no Y-misalignment; Case III, Y-misalignment equals 150 mm, and there is no X-misalignment. The coupling coefficients in Cases I-III are 0.28, 0.22, and 0.13, respectively. As can be seen in Fig. 10 , high efficiencies usually appear around the resonant frequency, and the highest efficiency of 94.31% is achieved at 96 kHz in Case II.
To validate the correctness of the calculation in Section IV for CCM and DCM, the experimental and calculated results are compared. It is noted that the experimental results (e.g., power factor, phase, etc.) are not directly measured, but derived from the saved waveform data of the oscilloscope. MATLAB as a mathematical tool is used for FHA and amplitude/phase acquisition at the fundamental frequency. According to the mathematical analysis in Section IV, the CCM intervals of operating frequencies for Cases I and II can be calculated as [83.8 kHz, 103.2 kHz] and [89.5 kHz, 102.1 kHz], respectively, otherwise the operation modes are DCM for the two cases. The operation modes for various operating frequencies in Case III are all DCM. The ac power factors in the aforementioned three cases are given in Fig. 11 . Evidently, the power factors at some frequencies are not units at all, and meanwhile, the calculations match the experimental results well, which verifies that the proposed analysis of the ac power factor for CCM and DCM is correct. It is also observed that the power factor is nearly unity at low operating frequencies. The explanation is given as follows. The effective square output voltage interval where the current is not zero is getting thinner when the operating frequency or output power decreases in DCM. Meanwhile the output current has less distortions when it is effective or in other words it is not zero. The phase difference between the output voltage and current after the Fourier Transform becomes smaller accordingly, resulting in increase of the power factor. In extreme situations, the power factor is nearly unity. The experimental and calculated phase differences between the input and output voltages are compared in Fig. 12 , and the corresponding estimation errors between the experimental and calculated results are shown in Fig. 13 . It is observed that the phase difference goes up with the increase of the switching frequency in all three cases, and the calculations are very close to the experimental results.
The output power is depicted in Fig. 14, which gives a comparison between experimental results and calculations with/without power factor introduction. The calculated output power is derived from equations (34), (35), (58), and (59) with consideration of losses from an uncontrolled rectifier. To calculate the output power without power factor is also dependent on these equations where the power factor is set to 1 and rectifier losses are considered too. The output power, without power factor consideration, is much higher than that of experiments and calculations with power factors, while the latter two are very close to each other. Thus, it is essential not to ignore the output ac power factor. Additionally, precise calculation/estimation of output power in the WPT system is important to topology design and realization of some control strategies, e.g., feedforward control, model prediction control, etc.
VI. CONCLUSION
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